Introduction {#s0005}
============

Fractional-order circuits and systems have attracted the attention of researchers worldwide due to the nature of the fractional behaviour, which can model many natural phenomena [@b0005]. Fractional-order modelling considers the effects of the history and is thus practical and more suitable for modelling, analysing, and synthesizing electrical, chemical, and biological systems [@b0010], [@b0015], [@b0020], [@b0025], [@b0030], [@b0035], [@b0040], [@b0045], [@b0050]. In addition, fractional-order modelling adds extra degrees of freedom in controlling the frequency behaviour, which makes it superior to traditional integer-order models and able to describe the behaviour of complex systems and materials [@b0055]. Recently, fractional calculus has been applied extensively to electrical circuits. Many theorems and generalized fundamentals, such as stability theorems, filters, fractional-order oscillators and charging circuits, have been introduced using fractional-order circuits [@b0060], [@b0065], [@b0070], [@b0075], [@b0080], [@b0085], [@b0090], [@b0095], [@b0100], [@b0105].

The first logical definitions for fractional calculus were introduced by Liouville, Riemann and Grünwald in 1834, 1847 and 1867, respectively [@b0110]. However, the idea of fractional calculus, as an extension of calculus, was proposed much earlier by L'Hopital and Leibniz in 1695. The Laplace transform of the derivative of a function, $f(t)$, in the fractional domain is $L\left\{ {{\mspace{310mu}_{0}D}_{t}^{\alpha}f\left( t \right)} \right\} = s^{\alpha}F{(s)}$ for zero initial conditions. Based on this definition, the general electrical element is defined as $Z\left( s \right) = ks^{\alpha}$, which is called a constant phase element, CPE, where the phase, $\theta,$ is $\tan\left( \frac{\alpha\pi}{2} \right)$, a constant and function of the fractional order $\alpha$. When $\alpha = 0, - 1$ and $1$, this element is known in the circuit community as resistor, capacitor and inductor, respectively. This element is either capacitive for $\alpha < 0$ or inductive for$\alpha > 0$. In addition, the CPE is referred to as a fractional capacitor (FC) for $- 1 < \alpha < 0.$In practice, the frequency-dependent losses in the capacitor and the inductor elements are modelled as a CPE, as previously proved [@b0115], [@b0120].

Moreover, fractional theory was extended to include memristive elements [@b0125]. Due to the importance of the fractional behaviour, there have been many attempts to realize a solid-state constant-phase element as a two-terminal device. Solid-state CPEs are realized using different composites and materials, for example, electrochemical materials and a composition of resistive and capacitive film layers [@b0130], [@b0135], [@b0140], [@b0145]. All these attempts remain in the research phase and have yet to become commercially available. Thus, researchers tend to synthesis circuits that mimic the frequency behaviour of fractional elements for a certain band of frequencies. The realization of fractional emulation circuits is divided into two main categories:(a)Passive realizations based on specific types of RC ladder structures such as that shown in [Fig. 1](#f0005){ref-type="fig"} [@b0150], [@b0155], [@b0160], [@b0165]. These passive realizations are based on an approximation of the fractional integral/differential operator $s^{\alpha}$ as an integer-order transfer function. For example, the Oustaloup approximation provides a rational finite-order transfer function that can be realized using well-known transfer function realization techniques such as that of Causer and Foster [@b0170]. Another way to realize the FC was introduced by Valsa [@b0175], where the poles and zeros are arranged to have the order required to simplify the FC realization. However, these techniques require a wide range of resistor and capacitor values.Fig. 1(a) Finite element approximation of an FC of order 0.5, (b) approximation of an FC of any order $\gamma < 1$, (c), (d), and (e) the proposed circuit network using series RC branches, Cole-impedance model and combination of both of them to approximate a fractional-order capacitor.(b)Active realizations based on operational amplifiers (opamps) or current feedback opamps (CFOAs) with some passive components [@b0180], [@b0185], [@b0190], [@b0195].

In addition, a summary and comparison between the active realizations of CPEs are introduced showing the complexity, performance and working frequency range [@b0200]. Moreover, there are many recent publications that try to realize the fractional order element with minimum area using different ways based on transistor levels [@b0205], [@b0210], using a single active element [@b0215].

In this paper, we investigate a new passive realization technique for CPE and FC based on a passive symmetric network. Three RC circuits are used in a symmetric network for approximating the fractional behaviour in the range \[$100Hz - 10kHz$\]. This frequency range is chosen as an arbitrary example to verify the proposed circuits and expressions; any frequency range can be used and optimized over. The wider the frequency range is, the higher the number of stages. The minimax optimization technique [@b0220] is used to fit the circuit network magnitude and phase response to the CPE. The advantage of the proposed realization is that the spread of the element values is much less than other realizations such as Valsa, Foster etc.

This paper is organized as follows: Section 2 introduces the mathematical analysis for the proposed symmetric network. Then, the formulation of the optimization technique is introduced and applied for three proposed circuits in Section 3. A comparison among these circuits and well-known realizations is introduced, in addition to Monte Carlo simulations and experimental results. Section 4 discusses the application of the proposed circuits in sinusoidal and relaxation oscillators to check the functionality of the proposed circuits. Finally, the conclusion and future work are given.

Proposed symmetric network analysis {#s0010}
===================================

Previous passive realizations are based on using different resistors and capacitors. In this paper, we investigate replicating the same impedance in the network to obtain the fractional behaviour. [Fig. 1](#f0005){ref-type="fig"}(c) shows the circuit diagram of the proposed symmetric network. We use basic circuit network theory and the proposed approach to analyse fractional-order $2 \times n$ RLC networks [@b0225] and obtained the equivalent impedance for the proposed network shown in [Fig. 1](#f0005){ref-type="fig"}(c). In [Fig. 1](#f0005){ref-type="fig"}(d), by applying Kirchhoff's current law at nodes $c$ and $d,$ the equation of the currents can be written as$$I_{\mathit{bk}} - I_{\mathit{bk} - 1} = {- I}_{\mathit{ak}} + I_{\mathit{ak} - 1} = I_{k},$$and according to Kirchhoff\'s voltage law, the voltage equations of the $k$^th^ and $(k - 1)$ loops can be expressed as$${z_{1}I}_{\mathit{bk} - 1} + z_{0}I_{k - 1} - {z_{0}I_{k} - z}_{1}I_{\mathit{ak} - 1} = 0,$$$${z_{1}I}_{\mathit{bk}} + z_{0}I_{k} - {z_{0}I_{k + 1} - z}_{1}I_{\mathit{ak}} = 0,$$respectively.

Subtracting Eq. [(2b)](#e0015){ref-type="disp-formula"} from Eq. [(2a)](#e0010){ref-type="disp-formula"} and then substituting by Eq. [(1)](#e0005){ref-type="disp-formula"},$$z_{0}\left( {2I_{k} - I_{k - 1} - I_{k + 1}} \right) + 2z_{1}I_{k} = 0,$$which can be rewritten as$$I_{k + 1} = 2\left( {1 + \lambda} \right)I_{k} - I_{k - 1}$$where $\mspace{6mu}\lambda = \frac{z_{1}}{z_{0}}$. Eq. [(4)](#e0025){ref-type="disp-formula"} can be written as$$I_{k + 1} = \left( {p + q} \right)I_{k} - pqI_{k - 1},$$where$$p + q = 2\left( {1 + \lambda} \right),pq = 1,$$and the combination of both of them can be used to approximate the fractional order capacitor.

By solving Eq. [(6)](#e0035){ref-type="disp-formula"}, the values of $p$and $q$ can be written as$$p = 1 + \lambda + \sqrt{2\lambda + \lambda^{2}},\mspace{6mu} and\mspace{6mu} q = 1 + \lambda - \sqrt{2\lambda + \lambda^{2}},$$respectively. Eq. [(5)](#e0030){ref-type="disp-formula"} represents the recursive current relation between the network nodes. Thus, we can obtain$$I_{k + 1} - pI_{k} = q^{k - 1}\left( {I_{2} - pI_{1}} \right),$$$$I_{k + 1} - qI_{k} = p^{k - 1}\left( {I_{2} - \mathit{qI}_{1}} \right).$$

By subtracting Eq. [(8b)](#e0050){ref-type="disp-formula"} from Eq. [(8a)](#e0045){ref-type="disp-formula"}, the solution $I_{k}$ based on $I_{1},I_{2}$ is$$I_{k} = \frac{1}{p - q}\left\{ {p^{k - 1}\left( {I_{2} - \mathit{qI}_{1}} \right) - q^{k - 1}\left( {I_{2} - pI_{1}} \right)} \right\},$$where $k = {3,4},5,\cdots$. From the first loop, the relation between $I_{2}$ and $I_{1}$ is given by$$I_{2} = {(1 + 2\lambda)I}_{1} - 2\lambda I,$$and from Eq. [(6)](#e0035){ref-type="disp-formula"}, $2\lambda$ =$p + q - 2$, $I_{2}$ is$$I_{2} = {(p + q - 1)I}_{1} - \left( {p + q - 2} \right)I.$$

From [Fig. 1](#f0005){ref-type="fig"}(d), the current at point $a$ is given by$$\sum\limits_{i = 1}^{n + 1}I_{i} = I.$$

By substituting Eqs. [(9)](#e0055){ref-type="disp-formula"} and [(11)](#e0065){ref-type="disp-formula"} into Eq. [(12)](#e0070){ref-type="disp-formula"},$$I_{1} = I\left( {1 - \frac{p^{n} - q^{n}}{p^{n + 1} - q^{n + 1}}} \right).$$

The voltage equation between the two points a and b for the network shown in [Fig. 1](#f0005){ref-type="fig"}(c) is given by$$V_{\mathit{ab}} = I_{1}z_{0}.$$Hence, the network equivalent impedance between $a$ and $b$ is given as follows:$$Z_{\mathit{ab}} = \frac{I_{1}z_{0}}{I} = \left( {1 - \frac{p^{n} - q^{n}}{p^{n + 1} - q^{n + 1}}} \right)z_{0}\mspace{6mu},$$$where\mspace{6mu} Z_{\mathit{ab}}$ is the input impedance of the network. Now, the parameters of the network required to behave similarly to an FC or CPE must be found. In the next section, the optimization formulated to find the optimal network parameters is introduced.

Optimal realization for fractional-order capacitor {#s0015}
==================================================

Optimization problem formulation {#s0020}
--------------------------------

The equivalent impedance of fractional capacitor with order $\alpha$ is given by$$Z_{\mathit{eqc}}\left( \omega \right) = \frac{1}{c_{\alpha}{(j\omega)}^{\alpha}},$$and has constant phase depend on the value of $\alpha$ and equals $\left( {- \frac{\alpha\pi}{2}} \right)$. Now, it is required to find the circuit values which give a close response to the required fractional-order capacitor. Thus, a optimization problem is constructed to fit the fractional-order capacitor behavior to design each network shown in [Fig. 1](#f0005){ref-type="fig"}(c). Each one of these problems can be written as Minimax problem function of choosing $z_{0}$ and $z_{1}$. The objective function of the Minimax optimization problem is constructed between the phase of the proposed network and the required FC phase, $- \alpha\pi/2$ [@b0195]. Also, it is constructed to find the elements values for $z_{0}$ and $z_{1}$ and the number of network, $n$, over the required frequency range for instance $100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} kHz$. The error function between the phase of proposed network and fractional order capacitor can be expressed as$$\phi\left( {n,z_{0},z_{1}} \right) = \mathit{\arg}\left( Z_{\mathit{ab}} \right) + \frac{\alpha\pi}{2}.$$

The largest elemental error $\phi_{i} = \left( {\phi\left( {n,z_{0},z_{1}} \right)} \right|_{f\rightarrow f_{i}}$should be minimized and, therefore, the $L_{\infty}$ norm of error function should be used. The $L_{\infty}$ of the error function Eq. [(17a)](#e0095){ref-type="disp-formula"} is numerically equal to $\mathit{\max}\left\{ \left| {\phi_{m}\left( {n,z_{0},z_{1}} \right)} \right| \right\}$ then the minimization of the $L_{\infty}$ norm can be given by:$$\begin{array}{l}
\mathit{\min} \\
{n,z_{0},z_{1}} \\
\end{array}\begin{array}{l}
{\lbrack\mathit{\max}\left\{ \left| {\phi_{m}\left( {n,z_{0},z_{1}} \right)} \right| \right\}\rbrack} \\
{\mspace{6mu}\mspace{6mu}\mspace{6mu} m,{1,2},\cdots N} \\
\end{array}$$where $\phi_{m}\left( {n,z_{0},z_{1}} \right) = \left( {\arg\left( Z_{\mathit{ab}} \right) + \frac{\alpha\pi}{2}} \right|_{f\rightarrow f_{m}}$and $N$ the number of points in frequency range $\left\lbrack 100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} kHz \right\rbrack$. To use the least m^th^ optimization function, the objective function in Eq. [(17b)](#e0100){ref-type="disp-formula"} should be rewritten in form of one minimize function as follows:$$\mathit{\min}\left\lbrack {F\left( {n,z_{0},z_{1}} \right)} \right\rbrack,$$$$F\left( {n,z_{0},z_{1}} \right) = \left\{ {\sum\limits_{m = 1}^{N}{(\left| {\phi_{m}\left( {n,z_{0},z_{1}} \right)} \right|)}^{m}} \right\}^{\frac{1}{m}},$$where $m$ is a positive integer number. The impedances $z_{0}$ and $z_{1}$, can be chosen to be any integer-order resistive network. In this work, three approximations for the fractional order impedances are investigated; the first one is series-connected RC circuit shown in [Fig. 1](#f0005){ref-type="fig"}(e). The second circuit model is due to replacement RC series by the first-order Cole-Impedance model connected in [Fig. 1](#f0005){ref-type="fig"}(e). The other one is circuit model of combined between series-connected RC and the first-order Cole-Impedance model connected.

The proposed approach to evaluate the values for elements circuits is summarized in the following steps:Step 0:Define the required fraction order, $\alpha,$ and the phase error $\mspace{6mu}\varepsilon$Step 1:Set the network size to one ($n = 1$)Step 2:Solve the optimization problem (18) by any optimization package softwareStep 3:Evaluate the maximum value of absolute error in phase response$\left| \phi_{m} \right|$Step 4:If $\left| \phi_{m} \right| \leq \varepsilon$ end; otherwise increment $n$ and go to step 2Simply, this algorithm can be seen as a search algorithm which searches for the values of the network that best fit the required fractional response under two conditions: the phase error should be less than $\varepsilon$ and the minimum number of networks, $n$.

Series RC-based network realization {#s0025}
-----------------------------------

Assume that $z_{0}$ and $z_{1}$ are series-connected RC, as shown in [Fig. 1](#f0005){ref-type="fig"}(e). The impedance equations are$$z_{0} = R_{00} + \frac{1}{sC_{00}},z_{1} = R_{11} + \frac{1}{sC_{11}},$$where$$R_{00} = \frac{\mu R_{0}}{C_{\alpha}},C_{00} = \frac{C_{0}C_{\alpha}}{\mu},R_{11} = \frac{\mu R_{1}}{C_{\alpha}},C_{11} = \frac{C_{1}C_{\alpha}}{\mu},$$and $\mu$ is a constant parameter used to control the network magnitude response. It is important to highlight that the argument of $Z_{\mathit{ab}}$ in Eq. [(15)](#e0085){ref-type="disp-formula"} is independent of $\mu$ and $c_{\alpha}$ because the equivalent impedance $Z_{\mathit{ab}}$ is a function of λ, which is the ratio between $z_{1}$ and $z_{0}$. Thus, the optimization problem (18) can be written as$$\min\left\lbrack {F\left( {n,R_{1},R_{0},C_{0},C_{1}} \right)} \right\rbrack,$$subject to $n \in N;R_{1},R_{0} \geq 0$ and $C_{0},C_{1} > 0$, where $F\left( {n,R_{1},R_{0},C_{0},C_{1}} \right)$ is given by$$F\left( {n,R_{1},R_{0},C_{0},C_{1}} \right) = \left\{ {\sum\limits_{m = 1}^{N}{(\left| {\phi_{m}\left( {n,R_{1},R_{0},C_{0},C_{1}} \right)} \right|)}^{m}} \right\}^{\frac{1}{m}},$$

The optimization package in Mathematica is used to solve this optimization problem. To find the global minimum of the optimization problem (20) subject to $R_{1},R_{0} \geq 0$ and $C_{0},C_{1} > 0$, the *NMinimize* $Function$ in Mathematica is used. The optimized values for the circuit elements for different values of the fractional order $\alpha$ are summarized in [Table 1](#t0005){ref-type="table"}. Note that the proposed problem in Eq. (20) is based only on the phase response of the fractional-order capacitor. The value of $\mu$ is used to control the network magnitude response to fit the capacitor magnitude response. To find the value of $\mu$, a problem based on fitting between $\left| {Z_{\mathit{eqc}}\left( \omega \right)} \right|$ and $\left| Z_{\mathit{ab}} \right|$ is established and can be solved by the "$FindFit$" function in Mathematica. The values of $\mu$ for different values of the fractional order $\alpha$ are summarized in [Table 1](#t0005){ref-type="table"}.Table 1The optimized values for series RC, first-order cole-impedance and RC-Cole-impedance connected networks.$\alpha$0.90.80.70.60.50.40.3RC series model$\mu$$0.0005598$$0.091866$$0.13943$$0.007428$$0.394233$$0.10361$$377.304$$R_{0}$0.01498$0.000488$$0.001268$0.091956$0.112916$$0.83104$$0.000297$$c_{0}$$0.000206$$0.012305$$0.00619$$0.0001068$$0.021208$$0.00752$$10.515$$R_{1}$$2.55151$$0.01684$$0.01207$$0.31231$000$c_{1}$$0.000418$$0.13006$$0.25852$$0.39727$$0.026132$$0.001956$$0.88525$$n$125718103  First-order Cole-impedance model$\mu$$0.0042997817$$0.18326$$0.5548577$$0.1228325$$5.162011048695755$$3.4654488$$4.8204$$R_{0}$$0.001478$$0.0001902$$0.000266$$0.004812$$0.023624$$0.023882$$0.019554$$R_{0}^{\text{'}}$$8.6248$$0.16496$$0.10776$$1.47992$$0.024988$$0.130456$$0.02413$$c_{0}$$0.001556$$0.022758$$0.022011$$0.001343$$0.05161$$0.15093$$0.062185$$R_{1}$$0.15108$$0.004141$$0.001912$$0.011135$0$0.00007576$$0.000865$$R_{1}^{\text{'}}$$3.8543$$3.6243$$2.8974$$5.06087$$2.9758$$5.4303$$4.7683$$c_{1}$$0.001653$$0.08671$$0.29994$$0.10097$$0.18922$$0.066273$$0.00962$$n$555825207  RC-Cole-impedance model$\mu$$0.020631$$0.013179$$0.021636$$0.70539$$0.22818$$0.07128$$76.86836$$R_{0}$$0.00030925$$0.003036$$0.007327$$0.00088273$$0.012986$$1.0487$$0.0010422$$R_{0}^{\text{'}}$$1.1412$$4.9451$$3.5662$$0.28989$$4.967$$-$$0.0016547$$C_{0}$$0.0074767$$0.001711$$0.00094033$$0.008672$$0.000469$$0.0023253$$0.032558$$R_{1}$$0.032464$$0.08602$$0.06304$$0.0023868$$0.0054517$$0.0019938$0$R_{1}^{\text{'}}$$-$$-$$-$$-$$-$$3.0784$$-$$C_{1}$$0.0074850$$4.6077$$0.05859$$1.2544$$2.4427$$0.0011036$$0.78883$$n$212518102

Cole-Impedance based network realization {#s0030}
----------------------------------------

Assume $z_{0}$ and $z_{1}$ are Cole-impedance connected in [Fig. 1](#f0005){ref-type="fig"}(e). Then, the impedance equations are as follows:$$z_{0} = R_{00} + \frac{R_{00}^{\text{'}}}{{sC_{00}R}_{00}^{\text{'}} + 1},z_{1} = R_{11} + \frac{R_{11}^{\text{'}}}{{sC_{11}R}_{11}^{\text{'}} + 1},$$$$\begin{array}{l}
{R_{00} = \frac{\mu R_{0}}{C_{\alpha}},} \\
{R_{00}^{\text{'}} = \frac{\mu R_{0}^{\text{'}}}{C_{\alpha}},} \\
{C_{00} = \frac{C_{0}C_{\alpha}}{\mu},} \\
{R_{11} = \frac{\mu R_{1}}{C_{\alpha}},} \\
{R_{11}^{\text{'}} = \frac{\mu R_{1}^{\text{'}}}{C_{\alpha}},} \\
{C_{11} = \frac{C_{1}C_{\alpha}}{\mu}.} \\
\end{array}$$

In addition, in this design, the argument for the equivalent impedance $Z_{\mathit{ab}}$ is independent of the values of $\mu$ and $C_{\alpha}$. Then, the optimization problem in Eq. (18) can be written as$$\mathit{\min}\left\lbrack {F\left( {n,R_{1},{R\text{'}}_{1},R_{0},{R\text{'}}_{0},C_{0},C_{1}} \right)} \right\rbrack,$$subject to $n \in N;\mspace{6mu} R_{1},\mspace{6mu}{R^{\text{'}}}_{1},\mspace{6mu} R\text{'}_{0},\mspace{6mu} R_{0} \geq 0$ and $C_{0},\mspace{6mu} C_{1} > 0$, where$$F\left( {n,R_{1},{R\text{'}}_{1},R_{0},{R\text{'}}_{0},C_{0},C_{1}} \right) = \left\{ {\sum\limits_{m = 1}^{N}{(\left| {\phi_{m}\left( {n,R_{1},{R\text{'}}_{1},R_{0},{R\text{'}}_{0},C_{0},C_{1}} \right)} \right|)}^{m}} \right\}^{\frac{1}{m}}.$$

The $NMinimize$ and $FindFit$ functions in Mathematica are used to solve the previous problem and control the magnitude response for the proposed network using the parameter $\mu$. [Table 1](#t0005){ref-type="table"} shows the optimal values for $n,R_{1},{R\text{'}}_{1},R_{0},{R\text{'}}_{0},C_{0},C_{1}$ and the control parameter $\mu$ for different values of the fractional order $\alpha$ in the range frequency of $100\mspace{6mu}\mathit{H}\mathit{z}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} k\mathit{H}\mathit{z}$.

RC-Cole-Impedance-based network realization {#s0035}
-------------------------------------------

In this case, assume that $z_{0}$ or $z_{1}$ is series RC connected and that the other remaining impedance is Cole-impedance connected in [Fig. 1](#f0005){ref-type="fig"}(e). Then, the impedance equations are as follows:$$z_{0} = R_{00} + \frac{R_{00}^{\text{'}}}{{sC_{00}R}_{00}^{\text{'}} + 1},z_{1} = R_{11} + \frac{1}{sC_{11}},$$or$$z_{0} = R_{00} + \frac{1}{sC_{00}},z_{1} = R_{11} + \frac{R_{11}^{\text{'}}}{{sC_{11}R}_{11}^{\text{'}} + 1}.$$

Similarly, we form the optimization problem as in the previous two cases and use the "$NMinimize$" and "$FindFit$" functions in Mathematica. [Table 1](#t0005){ref-type="table"}, [Table 2](#t0010){ref-type="table"} show two optimal values for $n,R_{1},{R\text{'}}_{1},R_{0},{R\text{'}}_{0},C_{0}$ $,C_{1}$ and the control parameter $\mu$ with different maximum absolute errors between \[${1.2^{\circ},3.7}^{\circ}$\] and \[${1.2^{\circ},2}^{\circ}$\] for different values of the fractional order $\alpha$ in the range frequency of $100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to10\mspace{6mu} kHz$.Table 2The optimized values for thee RC-Cole-impedance model connected network with Max. Abs. Error between \[${1.2^{\circ},2}^{\circ}$\].$\alpha$0.80.70.60.50.40.3$\mu$$8.9882$$3.13404$$1.57145$$0.2896$$0.80906$$42.713$$R_{0}$$0.00000372$$0.000047349$$0.00037598$$0.010132$$0.10336$$0.0011322$$R_{0}^{\text{'}}$$0.0035538$$0.0193$$0.11545$$4.9281$$-$$0.00432$$C_{0}$$1.105$$0.12433$$0.01715$$0.000484$$0.034005$$0.014364$$R_{1}$$0.00008321$$0.00033867$$0.0008689$$0.0032054$$0.00031046$$0.0003193$$R_{1}^{\text{'}}$$-$$-$$-$$-$$2.4755$$-$$C_{1}$$4.4327$$1.6913$$1.2914$$2.4258$$0.01492$$0.61605$$n$45825167

Simulation results and comparison {#s0040}
---------------------------------

The discussion and the comparison between the different models can be summarized in the following points:•The maximum values of the absolute error in the phase response for the three models under different values of α are tabulated in [Table 3](#t0015){ref-type="table"}. From this table, the errors in the phase for the RC series model and Cole-impedance connected model are between \[${2.9^{\circ},5.9}^{\circ}$\] and \[$1.2^{\circ}$,$1.9^{\circ}$\], respectively. Although the error in the Cole-impedance model is less than $2^{\circ}$, the number of networks $n$ is larger than that of the RC series model for all values of $\alpha$. For example, when the fractional order $\alpha = 0.9,$ network numbers of $n = 1$ and $n = 5$ achieve errors of $2.9^{\circ}$ and $1.2^{\circ}$ for the RC-series model and Cole-impedance model, respectively.Table 3The maximum values of the absolute error in the phase response of the three proposed models.RC series modelCole-impedance modelRC-Cole-impedance model$\alpha$$n$Max. abs. error (rad)$n$Max. abs. error (rad)nMax. abs. error(rad)0.91$0.05206$5$0.02143$2$0.02177$0.82$0.08814$5$0.03288$14$0.0568$$0.036$0.75$0.0809$5$0.03439$25$0.05403$$0.0344$0.67$0.08458$8$0.029322$58$0.0446$$0.02932$0.518$0.08586$25$0.033122$1825$0.03568$$0.026842$0.410$0.0999$20$0.0318$1016$0.0644$$0.03653$0.33$0.103$7$0.03056$27$0.0608$$0.0328$•There are 8 elements in the RC-series model and 17 elements in the RC-Cole-impedance model with fractional order $\alpha = 0.9$. However, for lower fractional orders, for example, $\alpha = 0.8or0.7$, the number of elements and the phase error for the RC-series model are larger than those of the RC-Cole-impedance model. There are 10 and 17 elements in the RC-Cole-impedance model and 14 and 32 elements in the RC-series model for $\mspace{6mu}\alpha = 0.8\mspace{6mu} and\mspace{6mu} 0.7$, respectively.•The phase response in the two proposed models when $\alpha = 0.9$ and$\alpha = 0.5$ is shown in [Fig. 2](#f0010){ref-type="fig"}(a) and (e), respectively. It is clear from [Fig. 2](#f0010){ref-type="fig"}(a) and (e) that the phase response for the two proposed circuits is near the phase of the fractional-order capacitor in the frequency range of $100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} kHz$.Fig. 2The phase responses and errors for the proposed circuits for (a, b) $\alpha = 0.9$, (c, d) $\alpha = 0.8$ (e, f) $\alpha = 0.5$, and (g, h) comparison with other well-known techniques.•From the absolute errors shown in [Fig. 2](#f0010){ref-type="fig"}(b) and (d), the phase response of the Cole-impedance model is better matched with the fractional-order capacitor. However, the number of networks ($n = 25$) in the Cole-impedance model is large compared to the RC-series model ($n = 18$). In some cases, the absolute error of the RC-Cole-impedance model is smaller than that of the other proposed models even though the network size ($n$) is equal to or less than the RC-Cole-impedance model. For example, when $\alpha = 0.8$, the network size is {1, 4}, 2 and 5 with error {$3.3^{\circ}$,$2.1^{\circ}$}, $5^{\circ}$ and $1.9^{\circ}$ in the RC-Cole-impedance model, RC model and Cole-impedance model, respectively. The number of elements in the RC-Cole-impedance model is less than that of the Cole-impedance model even though the error and network size are almost equal.•[Fig. 2](#f0010){ref-type="fig"}(c) and (d) show the absolute errors and phase responses for the RC-Cole-impedance model for $\alpha = 0.8$. These figures clearly show that the phase response for the two cases ($n = 1$ and $n = 4$) is near the phase of the fractional-order capacitor in the frequency range of $100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} kHz$. The magnitude responses of the three proposed circuits are studied for $C_{\alpha} = 10^{- 6}{\text{F}/\text{s}}^{1 - \alpha}$. The proposed circuit elements are summarized in [Table 4](#t0020){ref-type="table"}. These values are calculated from [Table 1](#t0005){ref-type="table"} and using Eqs. [(19b)](#e0120){ref-type="disp-formula"} and [(21b)](#e0140){ref-type="disp-formula"}.Table 4The element values for the three proposed circuits for $C_{\alpha} = 10^{- 6}\mspace{6mu}{\text{F}/\text{s}}^{1 - \alpha}$.Cole-impedance modelRC model$\alpha$0.90.50.30.90.50.3$R_{00}\left( \Omega \right)$6.355121947.08894190.6168.385844515.21112059.288$R_{00}^{\text{'}}\left( \Omega \right)$37084.053128946.76116306.611$-$$-$$-$$C_{00}\left( F \right)$$3.61 \times 10^{- 7}$$9.99 \times 10^{- 9}$$1.29 \times 10^{- 8}$$3.679 \times 10^{- 7}$$5.379 \times 10^{- 8}$$2.786 \times 10^{- 8}$$R_{11}\left( \Omega \right)$649.4929204169.6461428.329700$R_{11}^{\text{'}}\left( \Omega \right)$16572.33315361079.6$22.9 \times 10^{6}$$-$$-$$-$$C_{11}\left( F \right)$$3.85 \times 10^{- 7}$$3.67 \times 10^{- 8}$$1.99 \times 10^{- 9}$$7.66 \times 10^{- 7}$$6.628 \times 10^{- 8}$$2.346 \times 10^{- 9}$$n$52571183  RC-Cole-impedance model $\alpha = 0.8$$n = 1$$n = 4$$R_{00}\left( \Omega \right)$39.98433.34$R_{00}^{\text{'}}\left( \Omega \right)$65126.9631908.11$C_{00}\left( F \right)$$0.130 \times 10^{- 6}$$0.123 \times 10^{- 6}$$R_{11}\left( \Omega \right)$1132.88747.8$C_{11}\left( F \right)$$349.6 \times 10^{- 6}$$0.493 \times 10^{- 6}$•[Fig. 2](#f0010){ref-type="fig"}(g) shows the phase response of the 6th- and 11th-order approximations of $s^{- 0.9}$ by the El-Khazali approximation and Oustaloup's approximation [@b0230], [@b0235], respectively.•It is illustrated from this figure shows that Oustaloup's approximation is good approximation at low frequencies. However, the proposed approximate responses are approximately $\left( \frac{- 0.9\pi}{2} \right)$ in the frequency range design from $100\mspace{6mu} Hz\mspace{6mu}\mspace{6mu} to\mspace{6mu} 10\mspace{6mu} kHz$. In addition, [Fig. 2](#f0010){ref-type="fig"}(h) shows the absolute error in the phase when $\alpha = 0.8$ for the Foster II, Valsa [@b0170], [@b0175] and RC-Cole-impedance models (n = 1). This figure shows that the Valsa model is better than the RC-Cole-impedance model. However, the Valsa model is an asymmetric circuit, where the values of the elements are not equal, and the proposed model is a symmetric model with reasonable phase. The symmetry property is one of the advantages of the proposed models compared to other models, and it may facilitate the future manufacture of fractional-order capacitors.•[Fig. 3](#f0015){ref-type="fig"} shows the magnitude response of the two proposed circuits when $\alpha = 0.9$ and 0.3. These figures clearly show that the relative error for the Cole-impedance model is smaller than the RC model error for each case. The circuit elements used in the design are summarized in [Tables 4](#t0020){ref-type="table"} when $\alpha = 0.3,\mspace{6mu} 0.8\mspace{6mu} and\mspace{6mu} 0.9$ for the different proposed models.Fig. 3The magnitude responses and errors for the proposed circuits for (a,b) $\alpha = 0.9$, (c,d) $\alpha = 0.8$ (e,f) $\alpha = 0.$3, and (g) the number of RC networks required to realize the order.$\alpha.$•[Fig. 3](#f0015){ref-type="fig"}(c) and (d) show the errors and magnitude response of RC-Cole-impedance model when $\alpha = 0.8$. These Figures show that the response for the two cases of the RC-Cole-impedance model exactly matches the response of the fractional-order capacitor.•[Fig. 3](#f0015){ref-type="fig"}(g) shows the number of RC networks required to realize a fractional-order capacitor with order $\alpha$ with absolute error less than $0.09$. Clearly, the maximum number of RC networks is needed for $\alpha = 0.5$ and decreases with increasing or decreasing the order since the device becomes more capacitive or resistive towards 1 or zero, respectively.

The Monte Carlo analysis and experimental results {#s0045}
=================================================

The behaviour of the proposed models for different values of $\alpha$ and $C_{\alpha} = 1\mspace{900mu}\mu$ was studied using Monte Carlo analysis. For $\alpha = 0.8$ and $n = 4\mspace{6mu}$ in the RC-Cole-impedance model, the phase and magnitude responses with $5\%$ tolerance in the resistors and capacitors are shown in [Fig. 4](#f0020){ref-type="fig"}, in addition to the variability curves of $\alpha$ and $C_{\alpha}$. [Table 5](#t0025){ref-type="table"} shows the effects of applying a $5\%$ tolerance to the resistors and capacitors of the proposed models. The Monte Carlo analysis is performed over 1000 runs. The mean and standard deviation of the designed element parameters $\{\alpha,C_{\alpha}\}$ are found as follows: for $\alpha = 0.9$ realized using the RC-series model, the mean and standard deviation are $\{ 0.9026,0.982 \times 10^{- 6}\}$ and $\{ 0.0019,0.468 \times 10^{- 7}\}$, respectively; for the $\alpha = 0.3$ element realized using the Cole-impedance model, the mean and standard deviation are $\{ 0.3022,0.9822 \times 10^{- 6}\}$ and $\left\{ {0.004,0.437 \times 10^{- 7}} \right\},$ respectively; and for the $\alpha = 0.8$ element realized using the RC-Cole-impedance model, the mean and standard deviation are $\{ 0.8063,0.99 \times 10^{- 6}\}$ and $\{{0.0023,0.548} \times 10^{- 7}\}$ for n = 1 and $\{{0.8027,1.002} \times 10^{- 6}\}$ and $\{ 0.0045,0.37 \times 10^{- 7}\}$ for $n = 4$, respectively.Fig. 4The responses of the Monte Carlo analysis for the RC-Cole-impedance model when $\alpha = 0.8$ and n = 4. (e) and (f) Experimental measurements of two proposed capacitors with $\alpha = 0.9$ and 0.8.Table 5The results of the Monte Carlo analysis of the proposed models under different values of $\alpha$ with $5\%$ tolerance.![](fx1.gif)

Two fractional-order capacitors of different order are realized using the RC model and the RC-Cole-impendence model. The EC-Lab control software and SP-150 BioLogic instrument are used for the characterization. [Fig. 4](#f0020){ref-type="fig"}(e) and (f) show the characterizations of the proposed capacitor elements of the RC model and RC-Cole-impendence model of fractional order 0.9 and 0.8, respectively. In the case of $\alpha = 0.9,0.8$, the exact phase is $- 82$, $- 72$ degrees, and the error is $\pm 3.5$ degrees for the two cases.

Applications {#s0050}
------------

To validate the proposed approximation models, two applications are investigated: the Wien fractional-order oscillator presented in Radwan et al. [@b0240] and the fractional-order relaxation oscillator presented in Nishio [@b0245] with their circuit simulations.

Application (1): fractional-order Wien oscillator {#s0055}
-------------------------------------------------

The following system is describing the fractional-order Wien oscillator shown in [Fig. 5](#f0025){ref-type="fig"}(a):$$\begin{pmatrix}
{D^{\alpha}V_{c_{1}}} \\
{D^{\beta}V_{c_{2}}} \\
\end{pmatrix} = \begin{pmatrix}
{\frac{A - 1}{R_{2}C_{1}} - \frac{1}{R_{1}C_{1}}} & \frac{- 1}{R_{2}C_{1}} \\
\frac{A - 1}{R_{2}C_{2}} & \frac{- 1}{R_{2}C_{2}} \\
\end{pmatrix}\begin{pmatrix}
V_{c_{1}} \\
V_{c_{2}} \\
\end{pmatrix},$$where $A = 1 + \frac{R_{3}}{R_{4}}$. The linear fractional-order system [(24)](#e0165){ref-type="disp-formula"} can admit sinusoidal oscillations if and only if there exists a value of $\omega$ that satisfies simultaneously the two equations [@b0240]$$\omega^{\alpha + \beta}\cos\left( \frac{\left( \alpha + \beta \right)\pi}{2} \right) + \frac{1}{R_{2}C_{2}}\omega^{\alpha}cos\left( \frac{\alpha\pi}{2} \right) - \left( {\frac{A - 1}{R_{2}C_{1}} - \frac{1}{R_{1}C_{1}}} \right)\omega^{\beta}\cos\left( \frac{\beta\pi}{2} \right) + \frac{1}{C_{1}C_{2}R_{1}R_{2}} = 0,$$$$\omega^{\beta}\sin\left( \frac{\left( \alpha + \beta \right)\pi}{2} \right) + \frac{1}{R_{2}C_{2}}\omega^{\alpha}sin\left( \frac{\alpha\pi}{2} \right) - \left( {\frac{A - 1}{R_{2}C_{1}} - \frac{1}{R_{1}C_{1}}} \right)\omega^{\beta - \alpha}\sin\left( \frac{\beta\pi}{2} \right) = 0.$$Fig. 5(a) Circuit realization for fractional-order Wien oscillator responses for different realizations. (b, c) R-C model, (d) C-I model, and (e) FFT of the transient response of C-I case shown in (d).

The gain $A$ and the oscillation frequency $\omega$ do not have closed-form formulas and need to be solved numerically. The Wien oscillator with the proposed fractional-order capacitors is simulated using LTspice. To design the fractional-order Wien oscillator from Eqs. [(25a)](#e0170){ref-type="disp-formula"}, [(25b)](#e0175){ref-type="disp-formula"}, assume the values of A, $C_{1},C_{2}$, $\alpha$ and $\beta$ and solve Eqs. [(25a)](#e0170){ref-type="disp-formula"}, [(25b)](#e0175){ref-type="disp-formula"} at the required frequency of oscillation to obtain the values of $R_{1}$ and $R_{2}$.

As a special case, when $\alpha = \beta$, the gain and frequency of oscillation are derived in [@b0250] and are given by$$\omega = {(\frac{1}{R_{1}R_{2}C_{1}C_{2}})}^{1/2\alpha},$$$$A = 1 + \frac{R_{2}}{R_{1}} + \frac{C_{1}}{C_{2}} + 2\sqrt{\frac{R_{2}C_{1}}{R_{1}C_{2}}}\cos\frac{\alpha\pi}{2},$$

For a $1kHz$ oscillation, the values of R and C satisfying Eqs. [(25a)](#e0170){ref-type="disp-formula"}, [(25b)](#e0175){ref-type="disp-formula"} are given in [Table 6](#t0030){ref-type="table"} with different values of $\alpha$ and $\beta$. The oscillator is simulated by LTspice using the TL1001 op amp with the discrete elements listed in [Table 6](#t0030){ref-type="table"}. The simulation results are shown in [Fig. 5](#f0025){ref-type="fig"} for different cases, which perform efficiently with the proposed capacitors. [Fig. 5](#f0025){ref-type="fig"}(e) shows the Fast Fourier Transform of the time-domain signal for the C-I realization with order 0.9. The total harmonic distortion of this oscillator is approximately 0.114.Table 6The values of R and C for Wien oscillator for $1\mspace{6mu} kHz$ oscillation.$\alpha$$\beta$$C_{1}\mspace{6mu}\left( \mu{\text{F}/\text{s}}^{1 - \alpha} \right)$$C_{2}\mspace{6mu}\left( \mu{\text{F}/\text{s}}^{1 - \beta} \right)$$R_{1}\mspace{6mu}\left( \Omega \right)$$R_{2}\mspace{6mu}\left( \Omega \right)$$R_{3}\mspace{6mu}\left( k\Omega \right)$$R_{4}\mspace{6mu}\left( k\Omega \right)$0.91$1\mspace{900mu}$$1\mspace{900mu}$$214.05$$312.5$$15$$29.4 - 30.4\mspace{900mu}$0.51$1\mspace{900mu}$$1\mspace{900mu}$$1279\mspace{900mu}$$2379$$15$$30.13\mspace{900mu}$0.50.5$1\mspace{900mu}$$1\mspace{900mu}$24,3716530$15$$30.9$

Application (2): Fractional-order relaxation oscillator {#s0060}
-------------------------------------------------------

The circuit shown in [Fig. 6](#f0030){ref-type="fig"}(a) represents a free-running multivibrator with a FC $c_{\gamma}$. For $\gamma < 1$, the oscillation period, $T$, and time constant, $\tau,$ are related by the following closed-form expression [@b0245]:$$\frac{1 - B}{1 + B} = \underset{k=0}{\overset{\infty}{\sum}}\frac{\left( {- \frac{1}{\tau}} \right)^{k}\left( \frac{T}{2} \right)^{k\gamma}}{\Gamma\left( k\gamma + 1 \right)},$$where $B = \frac{R_{2}}{R_{2} + R_{3}}$ and $\tau = RC_{\gamma}$. The oscillation period, $T$, has a closed-form solution at $\gamma = 1$ only. Thus, to find the time constant $\tau$ required to obtain a certain oscillation period, this equation needs to be solved numerically. To test the RC-Cole-impedance capacitor model (with n = 1) in this oscillator, we chose the oscillation frequency to be $1kHz$ and $\alpha = 0.8$. The values of R and C, chosen to satisfy [(27)](#e0190){ref-type="disp-formula"}, are $R = 1k\Omega$, $C_{\gamma} = 10^{- 6}$, $R_{3} = 1k\Omega$ and $R_{2} = 2.6k\Omega$. The oscillator is simulated by LTspice using a TL1001 opamp. [Fig. 6](#f0030){ref-type="fig"}(b) shows the time-domain response of the oscillator. In addition, the FFT of the time-domain voltage is shown in [Fig. 6](#f0030){ref-type="fig"}(c).Fig. 6(a) Circuit realization of fractional-order relaxation oscillator, (b) the transient response for $\gamma = 0.8$ and (c) FFT of the transient response.

Conclusions {#s0065}
===========

In this work, the proposed network-based FC realization is analysed, and its equivalent impedance is deduced. Three symmetric circuits used to approximate fractional-order capacitors are proposed. The values of the proposed circuit elements are summarized in [Table 1](#t0005){ref-type="table"}, [Table 2](#t0010){ref-type="table"} for certain capacitor orders; one can use these tables for capacitor designs in the design range of $100Hz$ to $10kHz$. A simple approach is proposed based on the minimax technique and least m^th^ optimization function to validate the magnitude and phase response of the FC. The proposed FC realizations were tested on the fractional-order Wien oscillator and relaxation oscillator using LTspice. The simulation responses were reasonable and acceptable.

As future work, the proposed fractional-order realizations will be experimentally tested and measured. Furthermore, the designed elements will be designed over wider frequency ranges. The designed FCs will be utilized to facilitate fractional-order applications such as filters and control.
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